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Evidence for the existence in the nearshore surf zone of energetic alongshore prop-
agating waves with periods O(100 s) and wavelengths O(100 m) was found from
observations by Oltman-Shay et al. (1989). These oscillations have wavelengths that
are much too short to be surface gravity waves at the observed frequencies. The
existence and properties of the wave-like motions were found to be related to the
presence, strength and direction of an alongshore current in the surf zone. Based on
a linear stability analysis of a mean alongshore current with offshore scale 0(100 m),
Bowen & Holman (1989) described these fluctuations as unstable waves associated
with a shear instability. Good agreement of wavelengths and wave speeds from obser-
vations and from predictions based on the most unstable linear mode was obtained
by Dodd et al. (1992). The nonlinear dynamics of finite-amplitude shear instabil-
ities of alongshore currents in the surf zone are studied here utilizing numerical
experiments involving finite-difference solutions to the shallow water equations for
idealized forced dissipative initial-value problems. Plane beach (ie. constant slope)
geometry is used with periodic boundary conditions in the alongshore direction. Forc-
ing effects from obliquely incident breaking surface waves are approximated by an
across-shore-varying steady force in the alongshore momentum equation. Dissipative
effects are modelled by linear bottom friction. The solutions depend on the dimen-
sionless parameter Q, which is the ratio of an advective to a frictional time scale. The
steady frictionally balanced, forced, alongshore current is linearly unstable for Q less
than a critical value Q¢. The response of the fluid is studied for different values of
AQ = Q¢—Q. In a set of experiments with the alongshore scale of the domain equal to
the wavelength 2n/ky of the most unstable linear mode, disturbances that propagate
alongshore in the direction of the forced current with propagation velocities similar
to the linear instability values are found for positive AQ. The disturbances equilibrate
with constant amplitude for small AQ and with time-varying amplitudes for larger
AQ. For increasing values of AQ the behaviour of this fluid system, as represented in
a phase plane with area-averaged perturbation kinetic energy and area-averaged en-
ergy conversion as coordinates, is similar to that found in low-dimensional nonlinear
dynamical systems including the existence of non-trivial steady solutions, bifurcation
to a limit cycle, period-doubling bifurcations, and irregular chaotic oscillations. In
experiments with the alongshore scale of the domain substantially larger than the
wavelength of the most unstable linear mode, different behaviour is found. For smali
positive AQ, propagating disturbances grow at wavelength 2n/ko. If AQ is small
enough, these waves equilibrate with constant or spatially varying amplitudes. For
larger AQ, unstable waves of length 2n/ky grow initially, but subsequently evolve into
longer-wavelength nonlinear propagating steady or unsteady wave-like disturbances
with behaviour dependent on AQ. The eventual development of large-scale nonlinear
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propagating disturbances appears to be a robust feature of th_e ﬂpw response over
plane beach geometry for moderate, positive values of AQ and indicates the possible
existence in the nearshore surf zone of propagating finite-amplitude shear waves with
properties not directly related to results of linear theory.

1. Introduction

Evidence for the existence in the nearshore surf zone of highly energetic alongshore
propagating waves with periods O(100 s) and wavelengths O(100 m) was found
from current measurements made as part of the SUPERDUCK experiment in October
1986 at Duck, NC by Oltman-Shay, Howd & Birkemeier (1989). These oscillations
have alongshore wavelengths that are much too short to be surface gravity waves at
the observed frequencies. The existence and properties of the wave-like motions are
found to be related to the presence, strength and direction of an alongshore current
in the surf zone. In particular, the waves exist only when an alongshore current is
present and they propagate in the direction of the current at a velocity less than,
but similar to, the maximum current velocity. The fluctuations are characterized by
a linear relation between frequency and alongshore wavenumber typical of linear
non-dispersive waves. Based on an inviscid linear stability analysis of an idealized
alongshore current with offshore scale 0(100 m), Bowen & Holman (1989) attributed
these fluctuations to unstable waves associated with a shear instability. Dodd, Oltman-
Shay & Thornton (1992) obtained good agreement of wavelengths and wave speeds
from observations and from theoretical predictions based on the most unstable mede
from a linear stability analysis utilizing realistic estimates of mean currents and
beach bottom topography and including bottom friction effects. Additional studies
concerning the applicability of results from linear stability analysis to the problem
have been reported by Dodd & Thornton (1990), Dodd (1994) and Falqués & Iranzo
(1994). Some preliminary results on the finite-amplitude behaviour of these shear
instabilities have been obtained by Dodd & Thornton (1992) using weakly nonlinear
theory and by Falqués, Iranzo & Caballeria (1994) and Deigaard et al. (1994) using
numerical model experiments.

Several obvious fluid mechanical questions remain unanswered. If the observed
motions are related to a shear instability, why does the instability not grow so
that the flow breaks down into vortices and loses wave-like properties? Why are the
observed wavelike properties so robust and so similar to linear waves if the mechanism
involves an instability? Does an equilibration mechanism exist that stabilizes these
waves at finite-amplitude? What is the nature of the finite-amplitude nonlinear
behaviour and how does it depend on the forcing, the frictional dissipative process.
and the beach geometry? We attempt to answer some of these questions by pursuing
a study utilizing numerical, finite-difference solutions to the shallow-water equations
for idealized problems in simple geometry.

It is relevant to note that the observations of Oltman-Shay et al. (1989) are for
conditions where the beach bottom topography is characterized by the presence of a
sand bar parallel to the shore. It seems most sensible for initial model studies, however.
to utilize the simplest possible relevant bottom topography which is provided by a
plane beach of constant slope. We use plane beach topography here to investigate
first the finite-amplitude instability processes in simple geometry. One consequence
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FIGURE 1. Schematic of model geometry showing the computational domain and the function
Vs(x) (2.13b) with n = 3 (heavy line) and with n = 6 (light line) used in the forcing (2.13a).

of this, however, is that restraint must be exercised in attempting direct, quantitative
comparisons of model results with observations from the SUPERDUCK experiment.
The outline of the paper is as follows. The problem formulation is described in
§2. Information from a linear stability analysis of alongshore currents relevant to the
numerical experiments is included in §3. Results from three different sets of numerical
experiments are presented in §§4, 5, and 6 and a summary is given in §7.

2. Formulation

Numerical experiments involving finite-difference solutions to the shallow-water
equations for idealized forced dissipative initial-value problems are utilized to study
the nonlinear dynamics associated with shear instabilities of alongshore currents in
the surf zone. We deliberately select the simplest fluid dynamical system that retains
the essential physics of this problem. Plane beach (i.e. constant slope) geometry, peri-
odic in the alongshore direction and bounded offshore of the region of interest by a
vertical wall, is utilized (see figure 1). Forcing effects from obliquely incident breaking
surface waves are approximated by a steady body force in the alongshore momentum
equation. Dissipation is modelled by linear bottom friction. Weak biharmonic friction
is also included to provide additional dissipation at high wavenumbers in the numer-
ical finite-difference solutions. The rigid-lid approximation, discussed further below,
is also invoked.

The governing equations are

(hu)x + (hv), = 0, (2.1a)




184 J. S. Allen, P. A. Newberger and R. A. Holman
t, + ik + vty = —py/ po — put/h —vViu, (2.1b)

0 + uvy + 00, = —py/po — plv — V1/h —vV'o, 2.1¢)
where Cartesian coordinates (x,y) are aligned across-shore and alongshore, respec-
tively, with x = 0 at the coast, ¢ is time, (u,v) are velocity components in the (x,y)
directions, p is pressure, po is the constant fluid density, h = h(x) is the depth, yis
a bottom friction coefficient, and v is a biharmonic diffusion coefficient. The applied
body force per unit volume in (2.1c) has been expressed as & = pouV(x,y)/h, so
that with V = Vs(x) and v = 0 the steady, forced, frictionally balanced currents are
v = Vs(x), u = 0. Subscripts (x, y,t) denote partial differentiation.

Dimensionless variables are formed using the characteristic scales (L, ho, Vsr) for,
respectively, a horizontal length scale, a depth scale, and a velocity. The characteristic
time scale t¢ = L/Vsy. The characteristic velocity Vsu is related to the magnitude
of the forcing based on scaling appropriate for a steady, y-independent, forced flow
balanced by bottom friction and is chosen equal to the maximum absolute value
of Vg(x). It is natural to choose the characteristic horizontal length scale L as the
across-shore distance from the coast to the x position where Vs(x = L} = Vsy and
the characteristic depth as kg = h(x = L). With dimensionless variables denoted by
stars, we have

(x, y) = (x*,y*)L, t=t"L/Vsy, h= I hg, (2.2a-¢)

(W,0) = @0 )Wepn, P=D0Viys V=V"Vsu. (2.2d-f)
The equations (2.1) in dimensionless variables (dropping the stars) are

(hu)x + (), =0, (230)
U, + Uty +vuy = —py — Qu/h — R™'V*u, (2.3h)
vy + uvy + o0y = —p, — Qv — V1/h— R™iv4, (2.3¢)
where
Q = puL/(Vsmho), (24)
R =v/(Vsul?). (23)

In general, we consider
R'«l1, (2.6)

so that @ is the primary dimensionless parameter upon which the solutions depend.
Note that Q represents the ratio of an advective time scale L/Vsy to a bottom friction
time scale ho/u. For a plane beach, the ratio hy/L in Q is the beach slope.

The rigid-lid approximation is utilized based on the assumption that the charac-
teristic time scale is the advective scale t~ = L/Vsy and on the scaling estimate
that

Vi, < gho, 2.7
where g is the acceleration due to gravity (e.g. Bowen & Holman 1989; Dodd &
Thornton 1990). The condition (2.7) is reasonably well satisfied for alongshore currents
in the surf zone where typical scale values are Vgy = 1 m sband hy ~3—~5m.

The numerical experiments reported here are performed using dimensional vari-
ables. The dynamical similarity indicated by the dimensionless equations (2.3) and the
dependence on the dimensionless parameters Q and R™' can be recovered, of course.
by rescaling (Appendix A). Henceforth, we use (2.1) and dimensional variables.







