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a b s t r a c t
A source-function wavemaker for wave-resolving models is evaluated for its capability to reproduce random
directionally spread wave ﬁelds in the sea-swell band (0.04–0.3 Hz) relevant for realistic nearshore applications.
The wavemaker is tested with a range of input wave characteristics deﬁned by the non-dimensional amplitude
(a/h), wavenumber (kh), wavemaker width, mean wave angle and directional spread. The (a/h) and kh dependency of modeled results are collapsed with the Ursell number (Ur =(a/h)/(kh)2). For monochromatic waves,
the wavemaker accurately reproduced the input wave height for Ur b 1, with no dependence on nondimensional wavemaker width. For random uni-directional waves, the wavemaker simulated well a Pierson–
Moskowitz input spectrum. Frequency-integrated statistics are also reproduced with less than 2% difference
between modeled to input signiﬁcant wave height and b 10% difference between modeled to input mean
frequency for Ur b 0.2. For random directionally spread waves, the wavemaker reproduced input frequencydependent and bulk mean wave angle and directional spread to within 4° at Ur b 0.12. Lastly, the wavemaker
simulated well the spectra, mean wave angle, and directional spread of a bimodal wave ﬁeld with opposing
sea and swell. Based on the Ur b 0.12 constraint, a range of dimensional wave height, period, and depth constraints are explored for realistic sea-swell band ﬁeld application. The wavemaker's ability to generate waves
that match the input statistical properties commonly derived from ﬁeld measurements demonstrates that it
can be used effectively in a range of nearshore science and engineering applications.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction
Wave-resolving numerical models have a variety of oceanographic
and engineering application including simulating nearshore wave
transformation (e.g., Nwogu, 1993; Wei and Kirby, 1995; Gobbi et al.,
2000; Madsen et al., 2003; Kirby, 2003; Torres-Freyermuth et al.,
2010; Lara et al., 2011; Shi et al., 2012; Higuera et al., 2015), and the
resulting wave-driven circulation (e.g., Chen et al., 1999, 2003).
Boussinesq models (a class of wave-resolving models) have been used
in ﬁeld-scale studies of nearshore processes with random waves including the study of surfzone vorticity and transient rip currents
(e.g., Johnson and Pattiaratchi, 2006; Feddersen, 2014; Suanda and
Feddersen, 2015), surfzone drifter (Spydell and Feddersen, 2009),
and dye (Feddersen et al., 2011; Clark et al., 2011) dispersion. In
these studies, the model must accurately reproduce the requested random directionally spread wave ﬁeld in the sea-swell band (0.04–0.3 Hz)
to generate the appropriate energy ﬂuxes, Stokes drift, or radiation
stresses that drive nearshore processes.
Boussinesq models essentially include nonlinear and dispersive
effects into the shallow water equations by perturbation expansion
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(e.g., Peregrine, 1967). Nonlinearity is represented by the nondimensional parameter a/h, the ratio of wave amplitude to water depth, and
dispersion is represented by the nondimensional parameter kh, where
k is the wavenumber. These two parameters can be combined to form
the Ursell number,
Ur ¼

a=h
2

ðkhÞ

;

ð1Þ

a metric of long-wave nonlinearity, which can be up to O(1). The
extended Boussinesq equations allow improved wave dispersion (and
wave celerity) to kh≈2, consistent with intermediate-depth water applications (e.g., Nwogu, 1993; Gobbi et al., 2000; Madsen et al., 2002,
2003). For ﬁeld-scale studies, waves seaward of the surfzone generally
have small a/h as breaking can occur at a/hN 0.2.
Three methods are used to generate the incident wave ﬁeld in waveresolving numerical models. The ﬁrst is to prescribe incident waves at a
static offshore boundary, which although computationally efﬁcient, has
issues with partially-reﬂected outgoing waves resulting in steady energy increases within the domain (e.g., Wei et al., 1999; Higuera et al.,
2013). Partial reﬂections are overcome by active wave absorption techniques (e.g., Schäffer and Klopman, 2000), which have been applied to
wave generation in Reynolds-Averaged Navier–Stokes models (RANS)
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(e.g., Torres-Freyermuth et al., 2010; Higuera et al., 2013). Another
wave generation and active absorption method is to use moving boundaries (virtual paddles) within a model (e.g., Lara et al., 2011; Cao and
Wan, 2014; Higuera et al., 2015). This method accurately generates unidirectional wave spectra including bound long-waves in laboratory
studies (Lara et al., 2011).
A third method is to embed the wavemaker within the model
domain with the addition of sponge layers for wave damping at the
boundaries (e.g., Larsen and Dancy, 1983; Wei et al., 1999; Lin and
Liu, 1999; Lara et al., 2006). The method has been used in both
Boussinesq-type (e.g., Wei et al., 1999; Schäffer and Sørensen, 2006;
Kim et al., 2007; Liam et al., 2014) and RANS models (e.g., Lin and Liu,
1999; Hafsia et al., 2009; Perić and Abdel-Maksoud, 2015) and avoids
the complication of both generating and absorbing waves at a boundary.
Internal wavemakers ﬁrst generated waves on a single line (cross-shore
delta function) source (Larsen and Dancy, 1983), which continues to be
used in Boussinesq models (e.g., Schäffer and Sørensen, 2006; Kim et al.,
2007). Wei et al. (1999) (hereafter W99) developed a mass source function wavemaker on an alongshore strip with cross-shore width W from
a Green's function solution to the linearized extended Boussinesq equations of Nwogu (1993). This wavemaker width W introduces another
non-dimensional parameter δ ∝ W/λ where λ is a characteristic wavelength associated with the wave cyclic frequency f through the linear
dispersion relation. For Boussinesq models, all internal wavemakers
are based on linearized model equations (e.g., Wei et al., 1999;
Schäffer and Sørensen, 2006; Kim et al., 2007; Liam et al., 2014),
and is acknowledged to result in errors for highly nonlinear waves.
The source function method continues to be improved upon. For example,
extensions have been developed for wave generation in currents (Chawla
and Kirby, 2000). Generation of highly nonlinear waves is improved with
an adjustment zone where wave model nonlinearity gradually grows
(Liam et al., 2014).
To simulate realistic nearshore conditions, a wavemaker must be
tested to determine its accuracy in generating the particular userspeciﬁed wave ﬁeld. The W99 wavemaker has been tested over a limited nondimensional parameter (a/h, kh, δ) range relevant to nearshore
studies. Using δ = 0.3, the wavemaker accurately generated onedimensional (1D) monochromatic waves for 4 kh (spanning 0.8–8)
and 3 a/h (spanning 0.05–0.15) using both the linearized and nonlinear
extended Bousinessq equations (W99). Two-dimensional input and
model phase comparison tests have shown good performance for
waves propagating over a shoal (e.g., Wei et al., 1999; Liam et al.,
2014). W99 also showed good phase comparison for 1D random wave
cases at peak kh of 1.0 and 2.1 and average a/h≈0.04.
Although, ﬁxed (e.g., Torres-Freyermuth et al., 2010) and moving
boundary methods (e.g., Lara et al., 2011) have been tested with laboratory studies, most comparisons between modeled and input frequencydirectional spectra for random directionally-spread wave ﬁelds focus on
a single case (e.g., Wei et al., 1999; Higuera et al., 2013). While in some
cases the full directional wave spectrum is known a priori, usually only
frequency spectra and directional moments (e.g., Kuik et al., 1988),
derivable from a wave buoy or co-located pressure sensor and current
meter (known as PUV) are known. In realistic random directional
wave ﬁelds, two additional frequency dependent parameters are introduced; the mean wave angle θ2(f) and directional spread σθ(f) (Kuik
et al., 1988). Bulk (energy-weighted) mean wave angle θ2 and directional spread σ θ (see Appendix A) can also be used to characterize the wave
ﬁeld. No studies have examined reproducing frequency-dependent directional moments (Kuik et al., 1988).
The source function wavemaker largely reproduced a single input
two-dimensional (2D) random wave ﬁeld with a/h = 0.06, peak kh =
1.3, normally incident waves with bulk mean wave angle θ2 ¼ 0∘ , and
wave directional spread σ θ ¼ 10∘ (W99). However, the ratio of modeled
(i)
to input signiﬁcant wave height H(m)
s /Hs =0.93 and the modeled mean
wave angle deviated from the input. The W99 wavemaker accurately
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generated Hs for a single input directional wave spectrum at Duck NC,
but other wave statistics were not tested (Chen et al., 2003). In addition,
the W99 wavemaker generated the observed spectra Sηη(f), mean wave
angle θ2(f), and directional spread σθ(f) in the sea-swell band for 5 ﬁeld
cases at Huntington Beach, CA reasonably well (Feddersen et al., 2011).
Aside from these examples, the W99 wavemaker remains to be tested
over a (δ, a/h, kh, θ2 , σ θ ) parameter range appropriate to ﬁeld-scale
studies.
A tested Boussinesq model wavemaker that can generate a requested random directionally-spread wave ﬁeld in the sea-swell band is
needed for realistic ﬁeld-scale nearshore science and engineering application. Here, the W99 wavemaker, implemented within the nonlinear
extended Boussinesq model funwaveC (Feddersen et al., 2011), is evaluated for its ability to accurately generate sea-swell band random
directionally-spread wave ﬁelds across a parameter space relevant to
realistic nearshore environments. The evaluation is made with comparison of frequency-dependent wave spectra and directional wave
moments. In Section 2, the W99 wavemaker and its application to generating monochromatic and random waves are presented. The set-up
and parameter space for a sequence of monochromatic, random unidirectional, and random directionally spread wave cases are described
in Section 3. Section 4 presents various results comparing input to
modeled wave properties across the tests. Sections 5 and 6 provide a
discussion and summary, respectively.
2. Wei et al. (1999) wavemaker description
2.1. Background
The Boussinesq wave model domain is rectangular with cross-shore
coordinate x, alongshore coordinate y, and a ﬂat bottom of depth h. The
model has cross-shore domain width Lx and alongshore domain width
Ly, with alongshore periodic boundary conditions. The wavemaker is
implemented as an alongshore strip with cross-shore width W away
from the onshore and offshore domain boundaries where sponge layers
are applied to absorb outgoing wave energy (e.g., Fig. 1a) (Larsen and
Dancy, 1983; Wei et al., 1999). The wavemaker formulation can be
applied to any Boussinesq equations. Here, the extended Boussinesq
equations of Nwogu (1993) are used. These equations include weak
nonlinearity and higher-order dispersion accurate to kh ≈ 2 (Gobbi
et al., 2000). In the Boussinesq mass conservation equation the W99
source function wavemaker has the form of
∂η
þ … ¼ f ðx; y; t Þ;
∂t

ð2Þ

where t is time, η is the free surface, and f(x, y, t) represents the
wavemaker mass source. W99 developed a wavemaker forcing f(x, y, t)
separable in x and (y, t),
f ðx; y; t Þ ¼ Gðx−xWM ÞF ðy; t Þ

ð3Þ

where xWM is the center location of the wavemaker. The cross-shore
wavemaker structure G(x − xWM) is non-zero over a ﬁnite wavemaker
width (indicated by dark gray shading in Fig. 1a, b)
W¼

1
δλ
2

ð4Þ

which depends on a characteristic wavelength λ and the nondimensional wavemaker width δ. Deﬁning x ′ = x − xWM, the W99 form for
G(x′) is the smooth shape


2
Gðx0 Þ ¼ exp −βx0

ð5Þ
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Fig. 1. Snapshots of sea surface elevation η versus cross-shore coordinate x for (a) a monochromatic wave with a/h=0.02 and kh=0.775, (b) random waves with a/h=0.04 and kh ¼ 0
:493. (c) Sea surface elevation η for random obliquely incident directionally-spread waves versus x and alongshore coordinate y for a/h=0.03, kh ¼ 0:521, mean wave angle θ2 =10∘, and
directional spread σθ =5∘. In (a) and (b), the light gray regions mark the sponge layers and dark gray regions mark wavemaker location with width (a) δ=0.6 and (b) δ ¼ 0:5. In panel (c),
dashed lines at x=100 m and x=425 m mark the sponge layers and the region between the two dash-dotted lines at x=225 m mark the wavemaker with width δ ¼ 0:5.

The coefﬁcient D depends upon the wave properties (a, ω, θ), and
depth h via

where
β ¼ 80ðδλÞ−2

ð6Þ

so that G(W/2) b 0.01 is a small number. W99 used a nondimensional
wavemaker width δ between 0.3–0.5, whereas Larsen and Dancy
(1983) generated waves at a single grid point with δ → 0. The effect of
δ is discussed in Section 4.
2.2. Monochromatic waves
Monochromatic waves (i.e., a single-frequency, long-crested wave)
propagating at an angle θ to the +x direction are described by an amplitude a and radian frequency ω (=2πf),


η ¼ a cos kx x þ ky y−ωt

ð7Þ

where the vector wavenumber components are kx = k cos (θ) and ky =
k sin (θ). The radian frequency is related to wavenumber k through the
linear dispersion relation (ω2 = gk tanh (kh)) and radian frequency is
related to wave period by ω = 2π/T. For monochromatic waves, the
wavelength λ = 2π/k is used in the G(x′) (Eq. (5)) width deﬁnition
(Eq. (4)). Convolving the Green's function solution for the linearized
extended Boussinesq equations, the W99 F(y, t) source function for
monochromatic waves becomes


F ðy; t Þ ¼ D cos ky y−ωt :

ð8Þ



2aðω2 −α 1 gk khÞ3 cosðθÞ
D¼
;
ωI 1 kð1−α ðkhÞ2 Þ

ð9Þ

where α = − 0.39 and α1 = α + 1/3 are extended Boussinesq model
parameters (Nwogu, 1993) and (W99)


2
I1 ¼ ðπ=βÞ1=2 exp −kx =ð4βÞ :

ð10Þ

Through Eq. (10) and β, D is also a function of the non-dimensional
wavemaker width δ. To satisfy the alongshore periodic boundary conditions, only a ﬁnite set of wave angles θn are allowed for an alongshore domain length Ly such that the alongshore wavenumber ky = k sin (θn) =
n2π/Ly, where n is an integer. To generate monochromatic waves, the
model inputs are the wave parameters ai, ωi, θij and δ.
2.3. Random directionally-spread waves
The wavemaker can also generate random directional wave ﬁelds
that are in essence a sum of long-crested waves from multiple directions
and frequencies, i.e.,

ηðx; y; t Þ ¼

X
i

ai

X
j



ðijÞ
ðijÞ
dij cos kx x þ ky y−ωi t þ ϕij :

ð11Þ
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At a particular radian frequency ωi (where the index i corresponds to
frequency) ai is the wave amplitude (in meters), dij are the directional
weights (where index j corresponds to direction) such that
X

2

dij ¼ 1

ð12Þ

j

and ϕij is a uniformly distributed random phase for each long-crested
2
(ij) 2
2
wave. For all wave angles j, (k(ij)
x ) + (ky ) = ki , where (ki , ωi) satisfy
the linear surface gravity wave dispersion relation with wave angle,
ðijÞ

−1

θij ¼ tan

ky

!
:

ðijÞ
kx

ð13Þ

will vary. The mean wavelength λ ¼ 2π=k depends on the bulk wavenumber k derived from the energy weighted mean frequency f
(Eq. (A.2)). The cross-shore wavemaker source function G(x′)
−2

(Eq. (5)) is the same but with β ¼ 80ðδλÞ .
The alongshore and time-dependent wavemaker source function
F(y,t) is deﬁned as
X
i

Di

X



ðijÞ
dij cos ky y−ωi t þ ϕij

ð14Þ

j

where the frequency dependent coefﬁcient Di is deﬁned analogously to
monochromatic waves,
Di ¼



2ai ðω2i −α 1 gki ki hÞ3 cosðθ2i Þ
ωi I1 ki ð1−α ðki hÞ2 Þ

ð15Þ

where θ2i is the mean wave angle at frequency ωi (Kuik et al., 1988),
estimated from the prescribed θij and dij (Appendix A). For random
waves, the I1 deﬁnition is similar to that for monochromatic waves
−2

(Eq. (10)) but with β ¼ 80ðδλÞ and kx ¼ k cosðθ2 Þ, where θ2 is the
input bulk (energy-weighted) mean wave angle (Eq. (A.9)). To generate
random directional waves, the wavemaker then requires a set of input
amplitudes ai, frequencies ωi and directional distribution dij at all possible θij or k(ij)
y , which can be directly prescribed.
In many realistic situations, neither the actual incident sea-surface
elevation η(x,y,t) nor the full frequency-directional spectrum is known.
With a pitch-and-roll wave buoy or a co-located pressure sensor and
current meter (PUV), only sea-surface elevation spectra Sηη(f) and mean
wave angle θ2(f) (Eq. (A.3)) and directional spread σθ(f) (Eq. (A.4))
based on directional wave moments (e.g., Kuik et al., 1988) can be estimated. Thus, a method to generate waves with statistics matching these
input statistics is required. Here, a front-end to the W99 wavemaker is
described that takes a set of frequency-dependent input wave statis(i)
(i)
tics S(i)
ηη(fi), θ2 (fi), and σθ (fi) at fi and converts them to amplitudes ai
and directional weights dij. First spectra are converted to amplitudes
ði Þ
ai

At any frequency, directional distribution dij is given by
2


2 3
ðiÞ
θ
−θ
ð
f
Þ
ij
i
2
6
7
2
dij ¼ exp4−

2 5;
ðiÞ
2:07 σ θ ð f i Þ

ð17Þ

2

at all allowed k(ij)
y and subsequently normalized so that ∑ j dij ¼ 1. With
the directional distribution (Eq. (17)), the resulting directional spread
(deﬁned in Eq. (A.4)) can be shown to closely match the input σθ(i).
3. Model setup
3.1. Model domain

At each frequency ωi only directional j wave components that satisfy
k(ij)
y = n2π/Ly where n = ± {0, … , N} are allowed. The maximum N is
chosen so that wave components have incidence angles | θiN | b 50∘.
W99 suggests that increased evanescent wave modes are generated at
large θ (see Section 2.1 in W99). In practical nearshore application,
highly oblique deep water waves (kh ≫ 1) usually will have refracted
to smaller angles within this ±50∘ range at typical wavemaker depths
(kh≈ 1).
To generate random waves, analogous to the monochromatic wave
case (Eq. (4)), the wavemaker width W ¼ δλ=2 where λ is the mean
wavelength and δ represents the bulk non-dimensional wavemaker
width. With the ﬁxed δ (and W), the equivalent δ at each frequency

F ðy; t Þ ¼
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h
i1=2
¼ SðηηiÞ ð f i ÞΔf
:

ð16Þ

The wavemaker is tested with two computational domains both
with ﬂat bottom of depth h and cross-shore grid resolution Δx = 1 m.
The ﬁrst domain is a one-dimensional (1D) channel, akin to a wave
ﬂume, for normally incident monochromatic and random wave tests
(Fig. 1a, b). The second is a two-dimensional (2D) basin for random
directional wave tests (Fig. 1c). The 1D channel cross-shore domain
length (Lx) ranged from 1000 to 1500 m with alongshore domain length
Ly = 10 m and Δy = 1.25 m. The 2D basin Lx varied between 525 and
725 m with an alongshore domain Ly = 1000 m and Δy = 1.33 m. The
alongshore boundary conditions are periodic. With the grid resolution,
wave dissipation over the domain due to the ﬁnite-difference numerics
was negligible. All simulations used a Δt= 0.02 s time step. To dissipate
wave energy and minimize wave reﬂection (Wei and Kirby, 1995; Wei
et al., 1999), frictional sponge layers were placed at the cross-shore
boundaries far from the wavemaker with widths ranging from 100 to
400 m, between 1.5 to 5 times the wavelength associated with the
peak period (see Fig. 1). Wave energy reﬂected from the sponge layer
was negligible.
3.2. Monochromatic waves
A total of 334 1D channel simulations were conducted with normallyincident (θ=0) monochromatic waves spanning a range of wave heights
(H(i) = 2a(i)) and periods (T(i)), water depths, and δ (Table 1). These
simulations did not span a uniformly distributed and independent range
of kh, a/h, or δ. The nondimensional parameter a/h spans a wide range
from very weak nonlinearity (a/h = 0.005) to moderately nonlinear
(a/h = 0.125), with most simulations in the range 0.01 b a/h b 0.1. The
nondimensional parameter kh spans shallow (kh=0.14) to intermediate
(kh=1.30) depth regimes, with most simulations having khN 0.4. This kh
range is appropriate for the extended Boussinesq equations (Gobbi et al.,
2000) and both a/h and kh values are realistic of laboratory or ﬁeld conditions, and the resulting Ursell number Ur ranges between 0.003–6.2
(Table 1), with most simulations having Ur b 1. The δ range spanned
0.1− 1.0, with most simulations spanning 0.2 − 0.7. Simulations
were run for 2000 s. At a cross-shore distance of 75 − 500 m from
the wavemaker, sufﬁcient to reduce evanescent solutions (Wei et al.,
1999), a 1000 s sea surface elevation η timeseries was extracted. Although
the model is nonlinear, model wave height H(m) is computed for an equivalent linear sine-wave of the same η variance, i.e.,
pﬃﬃﬃD 2 E1=2
;
H ðmÞ ¼ 2 2 η0

ð18Þ

Table 1
Monochromatic tests (n = 334) input parameters: wave height H(i), period T(i)), water
depth (h), wavemaker width δ, and the resulting nondimensional a/h, kh, and Ur.
H(i) (m)

T(i) (s)

h (m)

δ

a/h

kh

Ur

0.1–1

6–20

2–10

0.1–0.9

0.005–0.125

0.142–1.30

0.003–6.2
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where η′ are sea surface ﬂuctuations and 〈〉 is a time average.
Although problematic for large nonlinearity, this allows direct comparison to the input wave height H(i), and is generalizable to random wave
spectra. An example monochromatic simulation with a/h = 0.02 and
kh = 0.775 shows the resulting spatial (Fig. 1a) and temporal (Fig. 2a)
variability to be sinusoidal and statistically uniform away from the
wavemaker and sponge layers.

(Eq. (A.2)) and wavenumber k are used to characterize each random

3.3. Random uni-directional waves

wave simulation as f is a more stable estimate than fp. For all spectra, f N
f p (see difference between blue and black dotted-dashed lines in Fig. 3).
A total of 36 random, uni-directional (normally-incident θ = 0∘)
(i)
wave simulations were conducted with a range of input H(i)
s , Tp and h
pﬃﬃﬃ
(Table 2). Using the root-mean-square wave amplitude a ¼ Hs =ð2 2Þ,
the nonlinear parameter a/h range is 0.02 − 0.06 (Table 2), valid for
the extended Boussinesq equations (Nwogu, 1993; Wei et al., 1999).

The Pierson–Moskowitz (PM) analytic spectrum SPM
ηη (Pierson and
Moskowitz, 1964), with form

eter kh varies from 0.40 − 0.95 (Table 2). Both the a/h and kh ranges are
appropriate for laboratory or ﬁeld conditions. These simulations corre-

Using the mean wavenumber k associated with f , the dispersion param-

2
5
−5
SPM
exp4−
ηη ð f Þ∝f
4

f
fp

!−4 3
5;

2

ð19Þ

is used as input spectrum for all random uni-directional simulations.
Unlike other more complex analytic spectral forms used in coastal situations, the PM spectrum is chosen for its simplicity and depends on only
two parameters: signiﬁcant wave height Hs and peak period Tp (or peak
PM
frequency fp = 1/Tp). The input spectrum S(i)
ηη is initially set equal to Sηη
(Fig. 3). To ensure validity of the extended Boussinesq equations (Gobbi
et al., 2000), the input spectrum S(i)
ηη is truncated (exponentially brought
to zero) at frequencies corresponding to kh ⪸ 1.45 (black dashed curve
in Fig. 3). At the low-frequency end, S(i)
ηη is cut off at f = 0.04 Hz, where
energy is negligible for the chosen Tp range. The input spectrum S(i)
ηη is
then renormalized so that
Z

iÞ
ð f Þdf ¼
Sðηη


2
H ðsiÞ
16

spond to an Ursell number, deﬁned as Ur ¼ ða=hÞ=ðkhÞ , between
0.02 − 0.37.
For each random uni-directional wave simulation, input amplitudes
a(i)
i are generated by Eq. (16) at about 110 discrete equally spaced frequencies fi = ωi/2π between 0.04 Hz and the upper frequency cutoff.
Simulations were run for 2000 − 3000 s. At a cross-shore distance
N100 m from the wavemaker, a 1000 s η time series is used to calculate
in the sea-swell band (0.04–0.3 Hz) the modeled frequency spectrum
S(m)
ηη and Hs, and energy-weighted mean frequency f to compare with
input values. These model statistics are calculated as in realistic nearshore ﬁeld studies to evaluate the wavemaker's capabilities and limitations in science and engineering applications. An example random wave
simulation with a/h= 0.04 andkh ¼ 0:493 shows the random wave spatial (Fig. 1b) and temporal (Fig. 2b) variability. At this Ur = 0.16, the
non-zero sea-surface skewness of 0.46 is perceivable.
3.4. Random directionally spread waves

;

ð20Þ

where the integral is over energetic S(i)
ηη frequencies, typically the seaswell frequency band (0.04–0.3 Hz). For longer period waves (Tp =
16 s), the truncated input and PM spectra are nearly identical, while for
shorter period waves (Tp = 8 s), deviations between the input and PM
spectrum are evident (Fig. 3). The energy-weighted mean frequency f

A total of 28 random directionally-spread wave simulations were
performed with the 2D basin setup across a range of water depths h,
ðiÞ

(i)
H(i)
s , and Tp , mean wave angle θ2 , and bulk directional spread σ θ
(Table 3) corresponding to realistic ﬁeld conditions. The resulting a/h

and kh range (Table 3) are similar to those for random uni-directional
waves (Table 2). A separable frequency-directional wave spectrum

Fig. 2. Water surface elevation (η) versus time for (a) monochromatic wave with a/h=0.02 and kh=0.775 and (b) random waves with a/h=0.04 and kh ¼ 0:493. Locations of these time
series are denoted as red dotted lines in Fig. 1a, b.
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Fig. 3. Analytical Pierson–Moskowitz spectra (red) and model input spectra (dashed black) versus frequency (f) for two peak periods (Tp =16 s and Tp = 8 s ), with signiﬁcant wave
height Hs =0.5 m, in water depth h=8 m. The second x-axis (top) is the non-dimensional wavenumber corresponding to each frequency in the spectrum. Dotted, dashed lines denote
input peak frequency (fp, blue), and energy-weighted mean frequency (f , black) of the input spectra, respectively.

E(θ,f) = D(θ)SPM
ηη (f) is used with the PM frequency spectrum. The directional spectrum D(θ) is Gaussian distributed (Eq. (17)) and is characterized by a frequency-uniform input mean wave angle θ(i)
2 and directional
ðiÞ

ðiÞ

ðiÞ

ðiÞ

spread σ(i)
θ . Thus, θ2 ¼ θ2 and σ θ ¼ σ θ (see Section 2.3).
For each random directionally spread wave simulation, at about 110
discrete equally spaced frequencies fi = ωi/2π between 0.04 Hz and the
upper frequency cutoff, input amplitudes ai and dij are generated by
(Eqs. (16) and (17)), respectively. An example snapshot of η from a
ðiÞ

random directionally-spread case with bulk wave angle θ2 ¼ 10∘ and
ðiÞ

bulk directional spread σ θ ¼ 5∘ , show irregular waves propagate
away from the wavemaker and dissipate at the near-boundary sponge
layers (Fig. 1c). Each random directionally-spread simulation was run
for 4500 s, with 2000 s seconds of η and horizontal velocity at a location
N100 m from the wavemaker used to calculate the modeled frequency(m)
dependent spectrum S(m)
ηη (f), mean wave angle θ2 (f), and directional(m)
spread σθ (f) using standard methods (e.g., Kuik et al., 1988; Herbers
et al., 1999; Feddersen et al., 2011, see Appendix A). The 2000 s modeled
time series used for analysis is roughly consistent with the length of
time series used to derive these quantities from ﬁeld measurements.
Overlapped windows and alongshore-averaged spectral estimates
result in 100 degrees of freedom for estimating spectra 95% conﬁdence
intervals (Section 4.3). From these, the bulk (energy-weighted) statistics signiﬁcant wave height Hs, mean frequency f , and bulk mean
wave angle θ2 and directional spread σ θ are calculated and were alongshore uniform.
4. Results
4.1. Monochromatic waves
For monochromatic simulations, the ratio of modeled to input wave
height H(m)/H(i) was near (within 5% of) one across almost all a/h and kh
and 0.2≤δ ≤0.7 (Fig. 4a). This demonstrates that the W99 wavemaker is
robust and consistent with the monochromatic linear-model wave tests
of W99. As kh increases, the H(m)/H(i) ratio converges to ≈ 0.98. At
smaller kh b 0.3, H(m)/H(i) variability increases with larger nonlinearity
a/hN 0.1 (yellow and red symbols in Fig. 4a). The a/h and kh dependence
is collapsed with the Ursell number Ur and shows a weak increase in
H(m)/H(i). with Ur (Fig. 4b). The H(m)/H(i) ratio was within 5% of
one for all Ur b 1. For kh ≥ 0.3 and a/h ≤ 0.1, the ratio H(m)/H(i) had no
Table 2
Random uni-directional tests (n=36) input parameters: signiﬁcant wave height H(i)
s , peak
period
H(i)
s

T(i)
p ,

water depth h, and the corresponding a/h, kh, and Ur. In all runs δ ¼ 0:5.

(m)

0.5, 0.75, 1

dependence on the nondimensional wavemaker width δ (Fig. 4c).
Although only a single kh and a/h was simulated for δ = 0.1 and δ =
(0.8, 0.9, 1.0), the wavemaker clearly performs well across a wide δ
range.

4.2. Random uni-directional waves
For random uni-directional wave cases corresponding to sea (Tp =
8 s) and swell (Tp = 16 s), both with H(i)
s = 0.5 m (a/h= 0.02), modeled
(i)
wave spectra S(m)
ηη were qualitatively similar to input spectra Sηη across
the range of forced frequencies (Fig. 5). For the sea case (Tp = 8 s, kh ¼ 0
(i)
:88, Ur= 0.03), S(m)
ηη (f) follows Sηη(f) closely (Fig. 5a), resulting in essentially equivalent model and input energy-weighted statistics (H(m)
=
s
ðmÞ

ðiÞ

H(i)
¼ f ). For the swell case (Tp = 16 s, kh ¼ 0:46 , Ur =
s and f
(i)
0.10), S(m)
ηη is weaker than Sηη at fp and is larger at ≈2fp (Fig. 5b), indicating increased nonlinear energy transfer to the harmonic relative to the
sea case. Although the resulting H(m)
= 0.497 m is very similar to the
s
input H(i)
s = 0.5 m, the transfer of energy to higher harmonics results
ðmÞ

ðiÞ

in f
¼ 0:082 Hz, slightly larger than f ¼ 0:079 Hz.
In all random waves test cases, the nondimensional wavemaker
width δ ¼ 0:5 where dimensional wavemaker width W ¼ δπ=k (see
Section 2.3). For random waves, there is a range of equivalent δ corresponding to the range of forced frequencies. To simulate random
waves well, the equivalent δ range must be within the appropriate
range as tested for monochromatic waves. The two random unidirectional wave cases mostly span the monochromatic (Fig. 4c) wellsimulated 0.1 ≤ δ ≤ 1 range (top axis, Fig. 5). However, for the swell
case (Tp = 16 s), a small part of the variance is generated at δ N 1.
After the qualitative Sηη(f) model-input comparison in the sea-swell
band, input and modeled bulk statistics, such as signiﬁcant wave height
Hs (Eq. (20)) and energy weighted mean frequency f (Eq. (A.2)), are
quantitatively compared. As with monochromatic cases, the a/h and k
ðmÞ

ðiÞ

/H(i)
=f bulk statistics is collapsed
h dependence for H(m)
s
s and f
(m)
with Ur. The ratio of Hs /H(i)
s was near one (b 2% deviation) over the
Ur range, increasing weakly with Ur (Fig. 6a) similar to the monochromatic cases (Fig. 4b). Even at Ur≈ 0.4, the wavemaker reproduces the
input H(i)
well, consistent with the two spectral case examples
s

Table 3
Two-dimensional random wave tests (n=28) input parameters: Signiﬁcant wave height
ðiÞ

(i)
H(i)
s , peak period Tp , water depth h, bulk mean wave angle (θ2 ), and bulk directional

ðiÞ

spread (σ θ ), together with corresponding a/h, kh, and Ur. In all runs, δ ¼ 0:5.

T(i)
p (s)

h (m)

a/h

kh

Ur

Hs(i) (m)

Tp(i) (s)

h (m)

θ2

σθ

a/h

kh

Ur

8, 11, 16

6–9

0.02–0.06

0.397–0.951

0.02–0.37

0.4–0.8

8, 14

8, 9

0–20

0–20

0.02–0.03

0.521–0.884

0.02–0.12

ðiÞ

ðiÞ
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examples have directional spread σθ = 10∘. For the ﬁrst case, the
(i)
modeled spectrum S(m)
ηη closely matched the input spectrum Sηη within
the conﬁdence intervals at all frequencies (Fig. 7a), similar to random
uni-directional sea waves at low a/h and moderate kh (Fig. 5a). The
modeled mean direction θ(m)
is near zero at all energetic frequencies,
2
∘
closely matching θ(i)
2 with deviations from 0 likely due to crossspectral noise (Fig. 7b). The modeled bulk (energy-weighted) mean
ðmÞ

ðiÞ

wave angle θ2 ¼ 0∘ also matched the input θ2 ¼ 0∘ . The modeled di∘
is near (within 2∘ of) the input σ(i)
rectional spread σ(m)
θ
θ = 10 for
f b 0.15 Hz (Fig. 7c), containing the majority of variance. At f N 0.15 Hz,
the modeled σ(m)
is 3∘–5∘ larger than the input σ(i)
θ
θ where the spectrum
is weaker. This results in modeled bulk (energy-weighted) directional
ðmÞ

ðiÞ

spread σ θ ¼ 12∘ , slightly larger than the input σ θ ¼ 10∘ .
(i)
The second case example has an input spectrum S(i)
ηη(f) and σθ (f) as
the ﬁrst case example, but an oblique mean wave angle θ(i)
(f)
= 10∘
2
(m)
(i)
(Fig. 8). As with the ﬁrst case, Sηη is similar to Sηη within conﬁdence intervals at all frequencies, albeit slightly less near fp, resulting in weaker
H(m)
= 0.38 m than the input H(i)
s
s = 0.4 m (Fig. 8a). Note that the ratio
(m)
Hs /H(i)
s in the random directionally spread examples is slightly less
than H(m)
/H(i)
s
s in the random uni-directional runs for the same range
of Ur. However, H(m)
/H(i)
s
s was still within 5% of one for all random
directionally spread cases. The modeled mean direction θ(m)
is at or a
2
∘
few degrees larger than the input θ(i)
2 = 10 for f b 0.15 Hz (Fig. 8b).
ðmÞ

This results in a bulk mean wave angle of θ2
ðiÞ
θ2

¼ 12∘ , slightly larger

∘

¼ 10 . The modeled directional spread σ(m)
is near (within 2∘
than
θ
∘
(i)
of) the input σθ = 10 for f b 0.15 Hz (Fig. 8c), and increases to around
σ(m)
= 14∘ for f N 0.18 Hz. As with the ﬁrst case example, the resulting
θ
ðmÞ

modeled bulk (energy-weighted) directional spread σ θ
ðiÞ
σθ

¼ 12∘ is

∘

slightly larger than the input
¼ 10 . In both examples and results
that follow, the modeled directional coefﬁcients a2(f) and b2(f) (bulk coefﬁcients a2 and b2), from which θ2(f) and σθ(f) (θ2 and σ θ ) are derived,
are also similar to the input (see Appendix A).
The wavemaker's ability to reproduce the desired input bulk directional statistics is further examined with 28 simulations over a range
ðiÞ

Fig. 4. The ratio of modeled to input wave height H(m)/H(i) versus (a) kh for a range of a/h
(see colorbar) and 0.2≤δ≤0.7. (b) H(m)/H(i) versus Ur within the range 0b Urb 0.1. (c) H(m)/
H(i) versus δ for a subset of simulations with a/h≤0.1 and 0.3≤kh≤1.3. Single data points
for δb 0.2 and δN 0.7 were at constant kh=0.775 and a/h=0.031.

ðmÞ

ðiÞ

(Fig. 5). For small Urb 0.05, the ratio f = f ≈1 (Fig. 6b) as nonlinear
deviations from the input wave spectra are small. This is consistent
with the Tp = 8 s case example (Fig. 5a) with small Ur =0.03 (magenta
ðmÞ

ðiÞ

dot in Fig. 6b). As Ur increases, f =f increases linearly to as large as
1.25 for Ur ≈ 0.4, consistent with the larger spectral harmonic in the
Tp = 16 s case example Ur = 0.10 (Fig. 5a). This is similar to the peak frequency ratio for a moving boundary wavemaker for a single random
ðmÞ

ðiÞ

directionally spread case example (Higuera et al., 2013). This f =f
dependence on Ur does not depend on the lower limit of integration
(0.04 or 0 Hz).

4.3. Random directionally spread waves
The wavemaker was tested for random directionally spread waves
(i)
with input PM spectrum SPM
ηη (f) and a constant mean angle θ2 (f) and di(i)
rectional spread σ(i)
θ (f). Two examples are presented with Hs = 0.4 m
and Tp = 8 s, resulting in a/h = 0.02, kh ¼ 0:88, and Ur= 0.02. The ﬁrst
∘
example has normally incident waves with mean wave angle θ(i)
2 =0
∘
and the second has obliquely incident waves with θ(i)
=
10
.
Both
2

of Ur = (0.02, 0.07,0.12), θ2 , and σ θ (Table 3) all based on PM spectra
and frequency-uniform θ2(f) and σθ(f) (Fig. 9). For all Ur and an input
ðiÞ

ðmÞ

bulk directional spread 2:5∘ ≤σ θ ≤20∘, the modeled θ2

was near (with-

ðiÞ
θ2

ðmÞ
(Fig. 9a), with θ2 biased high on average by 2%.
in 3∘ of) the input
ðiÞ
ðmÞ
For all Ur and bulk mean angle 0∘ ≤θ2 ≤20∘ , the modeled σ θ is near
ðmÞ
ðiÞ
ðmÞ
the input σ θ (within 2∘) with no bias (Fig. 9b). The θ2 and the σ θ
ðiÞ ðmÞ
error have no Ur dependence. For non-zero θ2 , θ2 is reduced at larger
ðiÞ
ðiÞ
ðmÞ
directional spread σ θ (crosses in Fig. 9a). Similarly, for σ θ ≥10∘ , σ θ is
ðiÞ
ðmÞ
reduced at larger bulk mean angle θ2 (crosses in Fig. 9b). This θ2 and
ðmÞ
σ θ reduction is due to the ﬁnite (−50∘ ≤θ ≤ 50∘) angular region allowed

by the wavemaker (Section 2.3), potentially resulting in a modiﬁed
wavemaker directional spectrum and low bias in modeled θ2 and σ θ
ðiÞ

ðiÞ

at larger θ2 and σ θ .
4.4. Opposing sea and swell case example
In the previous random directionally spread cases (Section 4.3),
mean wave angle θ2(f) and directional spread σθ(f) were uniform with
frequency. Here, a ﬁnal wavemaker test of opposing sea and swell (incident from different quadrants) is conducted with a bimodal sea and
swell spectrum with frequency dependent input θ2(f) and σθ(f). The
swell has a PM spectrum with Hs = 0.3 m, Tp = 15 s, and frequencyuniform θ2(f) = − 10∘ and σθ(f) = 5∘. The sea also has PM spectrum
with Hs = 0.3 m, Tp = 8 s, and frequency-uniform θ2(f) = 5∘ and
σθ(f) = 10∘. The sea and swell frequency spectra are linearly superimposed, while the directional statistics are smoothly transitioned
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Fig. 5. Random uni-directional case examples: Input (dashed) and modeled (blue) wave spectra Sηη versus (lower) frequency f and (upper) δ for two cases corresponding to (a) sea (Tp =
(m)
=0.495 m, f
8 s) and (b) swell (Tp =16 s) both with H(i)
s =0.5 m, h=8 m, and a/h=0.02. In (a) Hs

ðiÞ

ðmÞ

ðiÞ

f ¼ 0:079 Hz, f
¼ 0:083 Hz, kh
dash-dot lines, respectively.

¼ 0:139 Hz, f

ðmÞ

ðiÞ

¼ 0:138 Hz, kh

¼ 0:88, and Ur=0.03. In (b) H(m)
=0.497 m,
s

¼ 0:46, and Ur=0.1. Input peak frequency fp and energy-weighted mean frequency f (black dash-dot) are indicated by the vertical red and black

(i)
(i)
between 0.086b f b 0.105 to yield the input S(i)
ηη, θ2 (f) and σθ (f) (dashed
lines in Fig. 10). The parameters of this opposing sea and swell case are

H(i)
s = 0.42 m, h = 8 m, and f ¼ 0:11 Hz, giving a/h = 0.02, kh ¼ 0:668,
and Ur= 0.04.
Similar to the other random wave cases (Figs. 5, 7a, 8a), the modeled
(i)
spectrum S(m)
ηη is similar to the input spectrum Sηη across sea-swell
H(m)
= 0.42
s

spread cases (Fig. 7c, 8c). This bias is greatest, up to 4∘ at f N 0.15 Hz.
ðmÞ

The resulting modeled bulk directional spread σ θ
larger than

ðiÞ
σθ

¼ 13∘ is slightly

∘

¼ 11 .

5. Discussion

ðmÞ

frequencies (Fig. 10a). The modeled
m and f
¼ 0:11 Hz
match the input values, for a Ur = 0.04 (e.g., Fig. 6a), consistent with
previous results (Figs. 5a, 6). The modeled mean angle θ(m)
2 (f) follows
the input θ(i)
2 (f) across sea-swell frequencies transitioning from around
−10∘ at f b 0.07 Hz to 5∘ − 8∘ for f N 0.1 Hz (Fig. 10b). The resulting bulk
ðmÞ

ðiÞ

ðiÞ

mean angle θ2 ¼ −1∘ is within 2∘ of the input bulk mean angle θ2 ¼
1∘ , similar to the other cases (Figs. 7b, 8b, 9a). The modeled directional
(i)
spread σ(m)
θ (f) also follows the input σθ (f) across sea-swell frequencies
(Fig. 10c), albeit with high bias as the previous random directionally-

Source function (W99) and moving boundary (e.g., Lara et al., 2011)
wavemakers have had limited comparison to random directionally
spread wave ﬁelds. For a single case, the source function wavemaker
reproduced the input frequency-directional spectrum E(θ, f) although
with spectral errors and peak direction errors consistent with those
reported here (W99). For a single random directionally spread case, a
moving boundary wavemaker accurately generated the requested
E(θ, f) although again with errors in frequency and direction similar to
those reported here (Higuera et al., 2013). Standard ocean observations

(i)
Fig. 6. Ratio of modeled to input (a) signiﬁcant wave height H(m)
s /Hs and (b) energy-weighted mean frequency f
with magenta.

ðmÞ

=f

ðiÞ

versus Ursell number Ur. The two runs in Fig. 5 are highlighted
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moments) of a realistic random directionally spread wave ﬁeld, important to a wide range of science and engineering application.
For example, nearshore circulation and sediment transport studies require that incident wave ﬁelds have the appropriate incident
radiation stress (e.g., Longuet-Higgins and Stewart, 1964) which depend on the statistics of the frequency and directional spectrum
(Battjes, 1972). Given the correct incident wave height, mean frequency, bulk mean angle and bulk directional spread, the radiation
stress (Feddersen, 2004), wave energy ﬂux, and Stokes drift can be
well represented. On alongshore uniform beaches, transient rip current
intensity is a strong function of wave height Hs and bulk directional
spread σ θ (Suanda and Feddersen, 2015) due to ﬁnite-crest length
wave breaking (Peregrine, 1998). Thus, the W99 wavemaker's ability to
generate wave ﬁelds which match input statistical properties is important
for nearshore application.
In general, the W99 wavemaker generated random wave ﬁelds with
the correct bulk wave properties (Hs, f , θ2, σ θ) for Ur ≤0.12. This implies

Fig. 7. Random directionally spread wave case example: Input (dashed) and modeled
(blue) (a) spectra Sηη, (b) mean direction θ2 and (c) directional spread (σθ) versus
frequency f for H(i)
s = 0.4 m, Tp = 8 s, h = 8 m, a/h = 0.02, kh ¼ 0:88, Ur = 0.02 and
∘
∘
(i)
constant θ(i)
2 =0 and σθ =10 . In panels (b) and (c), θ2 and σθ are shown for fN 0.09 Hz
where Sηη is non-negligible. Spectra 95% conﬁdence interval at Sηη =0.08 (m2 Hz−1 are
noted in (a).

that a/h must be small and kh must be O(1) at the wavemaker. However,
for these model equations kh b 2 (Gobbi et al., 2000). These constraints,
in turn, set limits on wave height Hs, wave period Tp, and water depth h
appropriate for the wavemaker. In common ﬁeld-based Boussinesq
modeling situations (e.g., Chen et al., 2003; Spydell and Feddersen,
2009; Clark et al., 2011; Geiman et al., 2011; Suanda and Feddersen,
2015), waves are generated some distance and depth offshore of the
surfzone, where wave nonlinearities are small, and then propagate towards shallow water. Here, these constraints are examined for realistic
ﬁeld usage. For example, for a PM spectra with Hs = 0.8 m and Tp = 16 s,
wavemaker depth h= 4 m is too shallow (a=h ¼ 0:07; kh ¼ 0:33; Ur ¼ 0
:64). However, wavemaker depth h =10 m is appropriate (a=h ¼ 0:03;
kh ¼ 0:54; Ur ¼ 0:1). Another example with larger waves Hs = 1.5 m

(e.g., pitch and roll buoys Kuik et al., 1988) do not provide E(θ, f) but
instead provide bulk directional moments (e.g., a1(f), Appendix A).
The source function wavemaker has not been previously demonstrated
to accurately generate input wave statistics (spectra and directional

and Tp =10 s, a wavemaker depth h=20 m has too large kh ¼ 2:1. However, wavemaker depth h=10 m depth is appropriate (a=h ¼ 0:05; kh ¼
1:25; Ur ¼ 0:03). This demonstrates that the wavemaker can be used for
realistic nearshore applications with an appropriate range of wave height,
period, and water depth.
The increased deviation in modeled wave spectra Sηη shape (inðmÞ

ðiÞ

ferred from f =f — Fig. 6b) with increased Ur is not unexpected.
The wavemaker theory is based on linearized equations (W99), and
the input spectrum is a linear construct where variability is assumed
to be independent across frequencies. Reduced spectra at fp and increased spectra at 2fp (Fig. 5b) are results of the weakly nonlinear
wave model adapting to the speciﬁed frequency dependent forcing.
With offshore bispectra boundary conditions stochastic (waveaveraged) Boussinesq models naturally handle this (Herbers and
Burton, 1997; Herbers et al., 2003). For Ur b 0.2, the induced spectral
deviations result in ≈ 10% errors in f , likely acceptable for studies of
wave-averaged processes. However, for detailed nonlinear random
wave transformation studies which include energy transfer across
frequencies (e.g., Freilich and Guza, 1984; Elgar and Guza, 1985;
Elgar et al., 1993), likely smaller wavemaker Ur is required.
The broad range (0.1 ≤ δ ≤ 1) over which accurate monochromatic
H(m)/H(i) is generated (Fig. 4c) gives conﬁdence for generating random
waves across a broad range of frequencies with a single δ. All random
wave simulations used δ ¼ 0:5, related to the bulk wavenumber k and
mean frequency f (Eq. (A.2)). However, it is also important that the
range of equivalent δ for an input spectrum (top axis Fig. 5) fall within

Fig. 8. Random directionally spread case example: Input (dashed) and modeled (blue)
(a) spectra Sηη, (b) mean wave angle θ2 and (c) directional spread σθ versus frequency f for
(i)
∘
H(i)
s =0.4 m, Tp =8 s, h=8 m, a/h=0.02, kh ¼ 0:88, Ur=0.02 and uniform θ2 =10 and
∘
σ(i)
=
10
.
In
panels
(b)
and
(c),
θ
and
σ
are
shown
for
f
N
0.09
Hz
where
S
θ
2
θ
ηη is
non-negligible. Spectra 95% conﬁdence interval at Sηη =0.08 (m2 Hz−1 are noted in (a).

the validated range. For example, at smaller kh (i.e., Tp = 18 s, h =
8 m), the sea-swell band (0.04–0.3 Hz) spans a larger δ range (δ N 1 at
f = 0.14 Hz) beyond those tested. At the lower end of the frequency
range, f = 0.04 Hz, the equivalent δ = 0.27 was well within the validated
range and in such cases, a smaller δ should be used.
With periodic alongshore boundary conditions, the wavemaker can
only generate a discrete set of wave angles. The alongshore domain
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Fig. 9. Random directionally-spread wave modeled versus input bulk wave parameters: (a) bulk mean wave angle θ2 for variable σ θ and (b) bulk directional spread σ θ for variable θ2 .
Symbols are colored by Ur: blue, Ur=0.03; red, Ur=0.07; green, Ur=0.12. Marker sizes are varied for clarity.

width of Ly = 1000 m resulted in relatively accurate modeled θ2(f) and
σθ(f) as well as bulk θ2 and σ θ (Section 4.3). These are the quantities
that would be measured by a wave buoy or PUV. However, a good θ2
and σθ model-data comparison does not ensure that the directional
spectrum D(θ) is well reproduced. The wavemaker's ability to generate
a Gaussian D(θ) is further tested by comparing input and modeled
higher order directional moments, skewness Sk(f) and kurtosis γ(f)
(Appendix A) for the two random directionally spread cases with θ2 =
(0∘,10∘) (Figs. 7, 8). Both input and modeled skewness Sk(f) is essentially
zero at all f for both normally (θ2 = 0∘) and obliquely (θ2 = 10∘) incident
waves (not shown). For both cases, the modeled kurtosis γ(m)(f) ﬂuctuates between 2–5, in part due to spectral noise, but is on average slightly
larger than the input kurtosis γ(i) ≈ 3 (Fig. 11). For θ2 ¼ ð0∘ ; 10∘ Þ, the
modeled bulk γ ¼ ð3:4; 3:9Þ is somewhat larger than input. This

Fig. 10. Random directionally spread opposing sea and swell example: input (black
dashed) and modeled (blue) (a) spectra Sηη, (b) mean angle θ2 and (c) directional
spread σθ versus frequency f. The (swell, sea) PM spectra have Hs = (0.3, 0.3) m, Tp =
(15,8) s, θ2 =(−10,5)∘ and σθ =(5,10)∘ at h=8 m depth. The net H(i)
s =0.42 m and f ¼ 0
:11 Hz. The red vertical tick marks in (a) denote the two input peak frequencies. Spectra
95% conﬁdence interval at Sηη =0.08 (m2 Hz−1 are noted in (a).

suggests that the wavemaker generated directional spectrum deviates
slightly from a Gaussian shape with more energy at higher θ.
Some of the modeled biases may result from the ﬁnite set of angles
allowed in the domain. For example, with h = 8 m and Ly = 1000 m,
the ﬁrst non-zero wave angle allowed for T = 14 s (f = 0.071 Hz) is
±7∘ whereas for T = 8 s (f = 0.125 Hz), the ﬁrst non-zero wave angle
allowed is ± 4∘. Larger Ly allows more wave angles. At large Ly =
2000 m and T = 14 s, the ﬁrst non-zero wave angle is 3.5∘. Note, with
no mass ﬂux into the alongshore boundaries and adjacent sponge
layers, arbitrary ky could be generated. Thus, angle restrictions due to
alongshore domain width may result in θ2(f) and σθ(f) biases. However,
even with these wave angle restrictions, the wavemaker accurately
reproduces the θ2(f) and σθ(f) over the range of 5∘ to 20∘. In addition,
highly oblique wave angles are also challenging for the wavemaker,
resulting in θ2 and σ θ bias at large obliquity (Fig. 9). A potential strategy
for highly oblique deep water waves could be to provide a refracted
input spectrum with reduced obliquity to a wavemaker placed in
shallower water.
Lastly, the model wavemaker does not explicitly generate bound
infragravity wave energy. In intermediate water depths that would be
associated with the wavemaker, bound infragravity wave energy is
observed to be a fraction of the free infragravity energy in ﬁeld settings
(e.g., Okihiro et al., 1992; Herbers et al., 1994). Numerical runup studies
using the W99 wavemaker without explicit bound infragravity wave
generation simulated well infragravity-band shoreline runup compared
to video based parameterizations (Guza and Feddersen, 2012). Nevertheless, the generation and evolution of bound and free infragravity
wave energy across the entire nearshore to the swashzone is a dense
and complex topic (e.g., Herbers et al., 1995; Henderson and Bowen,

Fig. 11. Kurtosis γ (normalized fourth-order directional moment) versus frequency f for
two random directionally-spread waves examples (H(i)
s =0.4 m, Tp =8 s, h =8 m, σ θ ¼

10∘ ) from Fig. 7 ( θ2 ¼ 0∘ , red) and Fig. 8 ( θ2 ¼ 10∘ , blue). The theoretical Gaussian
directional distribution over the ±50∘ aperture is γ=2.95 (gray).
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2002; de Bakker et al., 2014, and many others). RANS-based modeling of
laboratory unidirectional infragravity waves has included 2nd order
bound wave generation (Torres-Freyermuth et al., 2010; Lara et al.,
2011; Rijnsdorp et al., 2014). Bound infragravity wave theory for a
directionally spread random wave ﬁeld is more complex. For nearshore
infragravity band studies, future work on bound infragravity wave generation with the W99 wavemaker is needed.
6. Summary

where ss denotes the sea-swell band (0.04–0.3 Hz). The energy-weighted
mean frequency f is deﬁned as
Z
f ¼ Zss

f Sηη ð f Þ df
Sηη ð f Þ d f

ss

:

ðA:2Þ

At each frequency, the directional moments (Kuik et al., 1988)

The W99 source function wavemaker, implemented within the extended nonlinear Boussinesq model funwaveC, was evaluated for its ability to reproduce the sea-swell (0.04–0.3 Hz) band statistics of input wave
ﬁelds. Tests were conducted with monochromatic, random unidirectional, and random directionally-spread waves across a range of
nondimensional parameters relevant to nearshore environments. For
monochromatic waves, the wavemaker accurately reproduced the input
wave height H(i) for Ursell number Ur=(a/h)/(kh)2 b 1, with no dependence upon non-dimensional wavemaker width 0.1 b δb 1. For random
uni-directional waves, the wavemaker reproduced well the input sea sur-

Z
an ð f Þ ¼

π

−π

Z
bn ð f Þ ¼

π

−π

cosðnθÞDðθ; f Þdθ

sinðnθÞDðθ; f Þdθ;

where n = (1, 2), are estimated from the model η and velocity spectra
and cross-spectra (e.g., Herbers et al., 1999). The resulting mean wave
angle is

2

face elevation spectrum Sηη at Ursell number Ur ¼ ða=hÞ=ðkhÞ b0:12.
Frequency-integrated statistics (Hs, f ) are also well-reproduced for
Urb 0.2 with less than 2% difference between modeled to input signiﬁcant
wave height Hs and b10% difference between modeled to input mean frequency f . For random, directionally spread waves wavemaker-generated
ðmÞ

statistics were very similar to the input over the range (θ2 ≤20∘ ; σ θ ≤20∘
) for Ur≤0.12.
For accurate sea-swell band random directionally spread wave generation, a number of constraints should be met. First kh must be within the
valid Boussinesq model range (here khb 2). Second, the Ursell number
must be relatively small given the kh constraint. Third, the input spectra
frequency range should only include equivalent δ within the validated
range. Lastly, two addition directional considerations are recommended:
an alongshore domain width that allows a range of wave angles to be generated, and input wave angles that are not too obliquely incident. The
W99 wavemaker's ability to generate wave ﬁelds which match input statistical properties in the sea-swell band demonstrates that it can be used
effectively in a range of realistic ﬁeld-scale nearshore science and engineering applications.

σ θð f Þ ¼
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Sk ð f Þ ¼

−n2
fð1−m2 Þ=2g3=2

ðA:5Þ

and
γð f Þ ¼

6−8m1 þ 2m2
f2ð1−m1 Þg2

;

ðA:6Þ

mn ð f Þ ¼ an ð f Þ cosðnθ2 Þ þ bn ð f Þ sinðnθ2 Þ
nn ð f Þ ¼ bn ð f Þ cosðnθ2 Þ þ an ð f Þ sinðnθ2 Þ
as recommended by Kuik et al. (1988). Additionally, energy-weighted
directional moments are deﬁned as
Z

The frequency directional spectrum is deﬁned as Sηη(f)D(θ; f) where
Sηη is the frequency spectrum and D(θ; f) is the directional (θ) distribution at each f, deﬁned so that

an ¼

an ð f ÞSηη ð f Þ d f

ss Z

ss

bn ð f ÞSηη ð f Þ d f

ss Z

ss

ðA:8Þ

Sηη ð f Þ d f

The signiﬁcant wave height is related to the variance of sea surface
ﬂuctuations as:

giving the bulk (energy-weighted) mean wave angle θ2

Z
1=2
Hs ¼ 4
Sηη df

θ2 ¼

ðA:1Þ

ðA:7Þ

Sηη ð f Þ df

Z
bn ¼

DðθÞdθ ¼ 1:

ss

ðA:4Þ

The frequency dependent skewness Sk and kurtosis γ (normalized
third and fourth moments, respectively) of the directional spectrum
are estimated as

Appendix A. Random wave parameters

−π

1−a2 ð f Þ cosð2θ2 ð f ÞÞ−b2 ð f Þ sinð2θ2 ð f ÞÞ
:
2

where

Acknowledgments

π

ðA:3Þ

and directional spread

ðmÞ

(m)
frequency dependent (θ(m)
2 (f),σθ (f)) and bulk (θ2 , σ θ ) directional

Z

1
b2 ð f Þ
arctan
2
a2 ð f Þ

θ2 ð f Þ ¼

!
1
b2
arctan
;
2
a2

ðA:9Þ
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and bulk directional spread σ θ ,

σθ ¼





1−a2 cos 2θ2 −b2 sin 2θ2
;
2

ðA:10Þ

as well as similarly deﬁned bulk skewness S and kurtosis γ.
For the opposing sea and swell case (Section 4.4), the equivalent
θ2(f) and σθ(f) are calculated as
seaÞ
swÞ
Sηη ð f Þ ¼ Sðηη
ð f Þ þ Sðηη
ðf Þ

ðseaÞ

a2 ð f Þ ¼

a2

ðswÞ

seaÞ
ð f ÞSðηη
ð f Þ þ a2
seaÞ
ðf Þ
Sðηη

ðseaÞ

b2 ð f Þ ¼

b2

ðA:11Þ

þ

swÞ
ð f ÞSðηη
ðf Þ

swÞ
Sðηη
ðf Þ

ðswÞ

seaÞ
ð f ÞSðηη
ð f Þ þ b2

swÞ
ð f ÞSðηη
ðf Þ

seaÞ
swÞ
ð f Þ þ Sðηη
ðf Þ
Sðηη

ðA:12Þ

ðA:13Þ

where superscripts (sea) and (sw) indicate the sea and swell components, respectively. The sea and swell directional moments (e.g., a(sea)
2
and a(sw)
) are derived from the prescribed sea and swell θ2 and σθ.
2
From the total a2 and b2, the bimodal θ2(f) (Eq. (A.3)) and σθ( f )
(Eq. (A.4)) are then estimated.
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