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It haslong beenknown thatthedirectionof themean(time-averaged)surfzonelongshore

currentsdependson theincomingangleof wavepropagation.Themoderntheoryof surfzone

longshorecurrentswas developedin the late 1960’s/ early 1970’s after the conceptof the

Radiationstressbecameestablished.As seenin the last lecture,propagatingsurfacegravity

waveshave a meanmomentumflux associatedwith them. Whenwavespropagateobliquely

incident(i.e. not normallyincident)to thebeachthereis a meanshorewardflux of longshore

momentum,gradientsof whichactasadriving forcefor themeanlongshorecurrent.Models

of longshorecurrentshave succeededat reproducingobservationson planarbeaches,but not

onmorecomplicatedbarredbeaches.It hasalsorecentlybeenfoundthatthelongshorecurrent

is oftenunstableandtherearelow frequency vorticity waves(calledshearwaves)associated

with anunstablecurrentin thesurfzone.In thenext threesections,a modelof thelongshore

currentwill be developed,comparisonsof modelto observationswill be presented,andthe

stabilityof thelongshorecurrentandshearwaveswill bediscussedlast.

1 Deriving the Longshore Current Equation

1.1 The Equations of Motion

Somegeneralassumptionsabouttheflow in thesurfzoneare: (i) thedensityis constantand

the fluid is incompressible,(ii) the meanpressureis hydrostatic,(iii) rotation is neglected,

(iv) no interactionbetweenwavesandcurrents,(v) no depthvariationof the current. With

theseassumptions,theNavier-Stokesequationscanbedepthintegratedandtime averagedto

arrive at the forcedanddissipative shallow waterequations.The threegoverningequations

(continuity, x-momentum,y-momentum)are
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where � and � arethemean(depthandtime-averaged) cross-shoreandlongshorevelocities

and
�

is themean(time-averaged)seasurfaceelevation(setup).
�

is thecross-shorecoordinate

and
�

is thelongshorecoordinate(Figure1). � is thewaterdepth. 9' representsthebodyforce

on the watercolumndue to the waves or the wind. 9+ representsthe bottomstressand 9/
representsthemixing of momentum,bothof whichcandependon � and � .

Figure1: Thecoordinatesystemused.Planarbeachbathymetry( �:�<; � ) is shown.

Theboundaryconditionsfor � , � , and
�

dependon what formsof thebottomstressand

mixing termsareused,but oneobviousboundaryconditionis thatthereis nonetonshoremass

flux ( 	 � ���� �=��� ) at theshoreline(
� ��� ).
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1.2 Simplifying Things

Two moreassumptionsarenecessaryto geta simpleequationfor � . Thefirst is thattheflow

is steadysothattime derivativescanbeneglected.Second,assumethatall variableshave no

longshore(
�
) dependence(i.e.

� 41��� ). Thismeansthatthebathymetryandforcing,aswell as� , � , and
�
, areonly functionsof thecross-shorecoordinate,

�
. Fromthecontinuityequation

(1), because
� 4>	�	 � �?�� �@A�B� , therefore	 � ���� �C� constant.Theboundaryconditionof no

netmassflux at theshorelineimpliesthat �=��� everywhere,whichmeansthatthereis nonet

cross-shoreflow anywhere.Since +-( and /*( dependon � , they becomezeroalongwith the

left handsideof (2). Thecross-shoremomentumequationsimplifiestremendouslyto

 #"2	 � �%�& � ���� �%')(D�E� (4)

which is thesetupproblem,which wasaddressedlast lecture.With theassumptionof long-

shorehomogeneity(
� 4*�E� ), thelongshoremomentumequationsimplifiesto,

'045 F+-48�3/*4*�E� (5)

which is a one-dimensionalbalancebetweenthe longshoreforce exertedby the wind and

waveson thewatercolumn( '04 ), thebottomstress( +-4 , or dragor friction) felt by the water

column,andthemixing of momentum( /*4 ), which carriesmomentumdown gradients.The

functionalformsof thesethreetermsis specifiednext.

1.3 The Forcing

Theforcing is a resultof gradientsof themeanmomentumflux (radiationstress,seelast lec-

ture)associatedwith breakingwavespropagatingat anangletowardstheshore.Thegradient

in theradiationstressimpartsameanbodyforceon thewatercolumn.Thelongshorecompo-

nentof thewind stresscouldalsobeincludedin this formulation,but for simplicity won’t be.

Thewaveforcing is writtenas,

')4*�G IHJ%K �&L (M4��� � �&L 4N4����O �P IHJ3K �&L (M4���GO (6)
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where
L (M4 and

L 4Q4 aretermsof theradiationstresstensor, and
�&L 4Q4SR ��� �!� resultsfrom the

assumptionthat
� 4T�U� . To parameterizethe radiationstresses,we assumemonochromatic

waves(e.g. wavesof only onefrequency) anduseresultsfrom lineartheory(e.g. Snell’s law

andthedispersionrelation)to write theradiationstressesin termsof wave heights.Needless

to say, theseassumptionsmaynot hold waterin therealworld. This will beaddresseda bit

morelater. For linearwavesapproachingthebeachatanangle V , theoff-diagonalcomponent

of theradiationstresstensoris writtenasL (M41��WIXMYXCZ�[
\ V^]`_ Z V
whereXMY & X arethegroupandphasevelocityof thewaves,and W is thewaveenergy

WG� J "@a�bcR>d
where a is thewave amplitude.Snell’s Law (lecture2) governingthe linearwave refraction

(which is assumedto hold throughoutthesurfzone)is, e ZN[f\ V � ]7_ \�ZNgihj\�g , which is written

afterdividing by k (alsoconservedfor linearwaves)

	 Z�[
\ V �R X � ]`_ \lZNgMhm\�g (7)

A resultfor shoaling(nonbreaking)linearwavesonslowly varyingbathymetryis thatthe

onshorecomponentof wave energy flux ( W XcY ]`_ Z V ) is alsoconserved. With Snell’s law (7)

this alsomeansthat
L (M4 is conserved outsidethe surfzone(i.e.

��L (M4nR ��� �o� ). In shallow

water, the groupvelocity becomesnondispersive ( XMY �qp "l� ) with the assumptionthat V is

small( ]7_ Z Vsr H ) andSnell’s law theRadiationstressbecomesL (M4 r Wut "l� ZN[f\ VwvX v
where Z�[f\ Vwv R X v arethevaluesfor thewave angleandphasespeedoutsidethesurfzone.The

waveamplitudeinsidethesurfzone(
�yx%��z

where
��z

is thebreakpointlocation)is empirically

writtenas(seealsolastlecture)

a{�}|2�&Rjd (8)
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Since1970,morecomplicatedformulasfor thewave transformationacrossthesurfzonehave

appeared,but like (8) they areall empiricallybased.

1.4 The Longshore Bottom Stress

Thelongshorebottomstress,+74 is typically writtenas+-4*� J X-~ x!� 9� � �T� (9)

where X7~ is an empiricaldragcoefficient and
xo� � representsa time averageover a wave

period. To obtainsolutionsfor the longshorecurrentthe bottomstressmustbewritten asa

functionof the meanlongshorecurrent. If thereis no meancross-shorecurrent( ����� , the

simplifying assumptionof 1.2),thecross-shoreflow is sinusoidal���<� v�]`_ Z 	 k �  ]7_ Z V
andthelongshoreflow is �{� ���3� v�]7_ Z 	 k �  Z�[f\ V
thenthebottomstressis written+74*� J X-~ x 	�� bv ]`_ Z b 	 k �  ]7_ Z b V � � b ��d ��� v ZN[f\ V�]`_ Z 	 k � ���� v Z�[
\ b V�]`_ Z b 	 k � �>��	 �D�3� v ZN[f\ V�]`_ Z 	 k � N.� (10)

Assumingthat (i) the meanlongshorecurrentis weak relative to the wave orbital velocity

( �{� � v ) and(ii) thatthewaveangleis small( Z�[
\ V � H ) sothat( � v Z�[f\ V � � ), equation(10)

becomes +74 r J X-~ x � v�]7_ Z 	 k �  �T�*� J X7~ � v � H�}�`� ]`_ Z 	 k � N� �� J X-~ d� � v � (11)

wherethe integral is over a wave period
�

. This is the commonlinearizationof the bottom

stress.Variousotherparameterizationsof thebottomstressexist, basedon differentassump-

tions. Thereis no observationalverificationthat (11) accuratelyrepresentsthe true bottom
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stress,andit turnsout thatoften theweakcurrentandsmallangleassumptionsareviolatedin

thefield. However, (11) is usedbecauseit providesasimple+74 whichis linearin � . Thecross-

shoreorbital wave velocity � v canbe relatedto the wave amplitudeby shallow waterlinear

theory, �����q 1" � ( gives k � v �U" e aF� � v ��a t "lR>� by the the shallow waterdispersion

relationship,X ��p "l� .
1.5 The Mixing

Several mechanismshave beenproposedto mix momentuminside the surfzone. They are

mostly basedon the conventional idea that turbulent eddiescarry meanmomentumdown

meanmomentumgradients.Dependingontheproposedmechanism,theseeddieshavelength

scalesfrom centimetersto the width of the surfzone(100’s of meters)andtime scalesboth

shorter(lessthan5 sec)andmuchlonger( 100’s of secondsor longer)thansurfacegravity

waves. However, therereally areno estimatesof how muchmixing of momentumactually

goesor evenwhat thedominantlengthandtime scalesof themixing are. Someevenargue

thatmixing is negligible. Historically, themixing of longshoremomentumhasbeenwritten

in aneddyviscosityformulation

/*41� J ���� ��� � � ���� � (12)

Themixing is written so that the eddyviscosity

�
hasthe samedimensionasthe kinematic

viscocity.

�
cantake a numberof formsdependingon assumptionsaboutvelocityandlength

scalesof the turbulent eddies. If equation(12) is used,thentwo boundaryconditionsfor �
areneeded.Thesearetypically chosento be ����� at theshoreline(

� ��� ) andfar offshore

(
� � � ). Thesechoicesfor the boundaryconditionsareconvenientanalyticallybut often

have limited observationalmerit: � maybesmallerseawardof thesurfzonebut it is (almost)

never zero.Althoughthewind forcing is weaker thanwave forcing in thesurfzone,thewind

usuallydrivessomelongshorecurrentoutsidethesurfzoneandacrossthecontinentalshelf. �
is alsooftenverystrongright at theshoreline,especiallyat steepbeaches.
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1.6 Putting it all together

Substitutingsomeof theparameterizationsfor theforcing,mixing, andbottomstressinto (5)

resultsin a simpleequationfor predictingthelongshorecurrentonabeach,

 HJ ��L (M4��� � ���� ��� � � ���� � � X-~ d� � v � (13)

An equationsimilar to this one is usedby the U.S. Navy andcoastalengineersaroundthe

world. To solve for thelongshorecurrent,theoffshorewave conditions(i.e. wave angle,am-

plitude,frequency), the transformationof wave amplitudeacrossthesurfzone(e.g. equation

(8)), andthe valuesof X-~ and

�
mustbe known. In reality, X-~ and

�
arechosento bestfit

someobservations,andmoredevelopedandcomplicatedparameterizationsof thethreeterms

(forcing,bottomstress,andmixing) areoftenused.

1.7 Final Comments

It maystrike thereaderthat longshorecurrentmodelsincorporateassumptionuponassump-

tion beforebecominguseful.Therearetwo distincttypesof assumptionsthatgo into deriving

(13), beyondtheassumptionsusedto derive theshallow waterequations.Thefirst is theas-

sumptionof longshorehomogeneity(
� 4���� ) thatmakesthe longshoremomentumbalance

onedimensional(5). Thesecondtypeof assumptionsarein theparameterizationsof (5). The

consequencesof theseassumptionsaredifferent. If the first assumptionholds(i.e.
� 4:��� )

thentheappropriateformsfor theforcing,bottomstress,andmixing needto befoundto accu-

ratelysolve for � acrossawiderangeof conditions.However, if thefirst assumption(
� 4����� )

doesn’t hold,noamountof manipulationof theforcing,bottomstress,andmixing parameter-

izationsin 1-D modelswill yield consistentlyaccuratepredictionsof � . Does
� 4s�G� hold in

thesurfzone?Theanswerto thisquestionprobablysiteandconditionspecific,but is generally

unknown at this time.
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2 Results

2.1 Longuett-Higgins 1970

Longuett-Higgins(1970)solvedequation(13)with theparameterizationof theeddyviscosity,�C��� � p "�� on a planarbeach.Eddyviscositiesaretypically parameterizedasproportional

to theproductof thetypicaleddylengthscalemultipliedby atypicaleddyvelocityscale. The

Longuett-Higginsformfor

�
usesalengthscaleproportionalto thedistancefromshore(

�
) and

a velocity scaleproportionalto thephasespeedof gravity waves( p "l� ). A nondimensional

family of theoreticalsolutionsfor � for varyingstrengthsof mixing areshown in Figure2.

Figure2: Nondimensional� solutionsfor a sequenceof valuesof the mixing parameter

�
.

Thebreakpointis at
� � H . (from Longuett-Higgins, [1970])

As the strenghtof the mixing (

�
) increases,the flow getsweaker, smoother, and extends

further offshore. As mixing becomesnegligible (

� � � ), the the longshorecurrenttakes

a triangularform, with a discontinuityat the breakpoint. Longuett-Higginscomparedhis

model to the availablelaboratoryobservationsat the time (Figure3) with dragcoefficients

( X-~ ) selectedto fit thedata.Thetheoreticalcurvesfor � do fall closeto theobservationsfor

somevaluesof

�
.
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Figure3: Comparisonof � measuredby Galvin & Eagleson (1965)with thetheoreticalprofiles
of Longuett-Higgins.Theplottednumbersrepresent� datapoints. (from Longuett-Higgins,
[1970])

2.2 A discontinuity, Random Waves, and Thornton & Guza 1986

In the Longuett-Higginsmodel,the monochromaticwavesdriving the longshorecurrentall

breakatthesamecross-shorelocation,whichis definedasthebreakpoint(
��z

). Thisintroduces

adiscontinuityin
�&L (M4nR ��� at

��z
. Eddymixing is thusrequiredto keepthemodeledlongshore

currentcontinousat thebreakpoint,andsevereamountsof eddymixing arerequiredto fit the

observations.

Unlike monochromaticlaboratorywaves,oceanwavesarerandomratherthandetermin-

istic. In thelaboratory, all waveshave thesamewave heights,whereasin theoceanthewave

height is variablefrom wave to wave, andis appropriatelydefinedby a probability density

function. Sincethewave heightsvary, not all wavesbreakat thesamelocationsothereis no

discontinuityin
�&L (M4wR ��� . Randomwave transformationmodelsturn the breakingon grad-

ually (i.e. progressively morewavesbreakaswatershoals).At any onewaterdepthonly a

certainpercentageof waveshavebroken.Thismakes
L (M4 asmoothfunctionof thecross-shore
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andremovesthediscontinuityin
�&L (M4nR ��� , whichdecreasestheneedfor somucheddymixing

to smoothout thelongshorecurrentprofile.

With a randomwave formulationfor
L (M4 and � v in (13)andnomixing, equation(13)was

usedby Thornton & Guza, [1986]to predictlongshorecurrentsobservedatabeachnearSanta

Barbara.Thecomparisonbetweenthemodelandobservationsis shown in Figure4 and5. The

modelappearsto reproducetheobservationson theplanarbeach.Mixing wasalsoincluded

in somemodelruns,but doesnot significantlyalterthedistributionof � , which indicatesthat

eddymixing in thesurfzonemaybenegligible.

Figure4: Analytic solutionfor planarbeachwith nomixing (solid line) andmeasurements(+)
of � ( 4 Feb1980,from Thornton & Guza (1986)).

2.3 Barred Beaches, A Problem

Thepredictionandunderstandingof longshorecurrentswasaproblemthoughtsolvedin 1986.

However, whenthesemodelswereappliedto a barred(with oneor moresandbars) beach

(Duck N.C., seebeachprofile in Figure6) they did not work very well. The comparison

betweenmodelandobservations(fromtheDELILAH fieldexperiment)areshown in Figure6.

Themodeledlongshorecurrenthastwo maxima,oneoutsideof thebarcrestandonenearthe

shoreline.This is contraryto whatis repeatedlyobserved,a singlebroadmaximuminsideof

thebarcrest.In fact,thetwomaxima� thismodelpredictsisneverobserved.Thisdiscrepancy

betweenmodelsandobservationshasleadto a resurgencein longshorecurrentmodeling,a
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Figure5: Comparisonof modeledandobserved � for otherdaysin Febuary. No mixing (solid)
& with mixing (dashed).Thelocationof thebreaker line is denotedasB.L.

carefulexaminationof themany assumptionstakenalongtheway, andevenmoreassumptions

andparameterizations.Many reasonsor mechanismhave beenproposedfor thediscrepancy

shown in Figure6, however thereis still nofirm explanation.

3 Shear Waves & Stability of �
During the SUPERDUCKfield experimentat Duck, low frequency alongshorepropagating

motionswereobserved by Oltman-Shay et al., [1989] that hadsimilar frequencies( H ��  b -H �� �¡ Hz) to but muchshorterwavelengths¢ 	 H �>�m£: thanedgewaves. Thesewaveswere

relatedto themagnitudeanddirectionof themeanlongshorecurrent,andhave beenrelated

to a shearinstability of the longshorecurrent,andthusnamedshearwaves.Thesewavesare

vorticity waves,andunlike incidentandedgewavesarenot irrotational.

3.1 Observations of Shear Waves

A fourhourtimeseriesof � and� averagedovermany surfacegravity waveperiodsisshownin

Figure7. Duringthisperiod,thewaveheightincreasedfrom40cmto210cm,whichincreased
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Figure6: Observationsof � (blackcircles)andmodel � (threelines)with differentparamter-
izationsof thebottomstress.Thebarredbeachbathymetryis shown below. (from Church &
Thornton, [1993])

themeanlongshorecurrentfrom 10cm/sto 160cm/s.Duringthefirst hour(
�.x�¨ �>�j� s),when� is weak, the velocity fluctuationsat shearwave frequenciesareminimal. As � increases

(
� �ª©>�j�>� s) , low frequency oscillations(with a periodof severalminutes)in � & � dueto

shearwavesbecomeclearly visible. At
� � H dm�>�>� s, � stronglypulsesandvariesbetween

about50 cm/s- 250cm/s. Thelongshorepropagatingwave characterandtherelationshipto

themeanlongshorecurrentcanbeseenin frequency - longshorewavenumer( «  e ) spectra

of cross-shorevelocity. In Figure8, four panelsof «  e spectraareshown, alongwith the

modezero, one, and two edgewave dispersioncurves. The dark shadingsindicatedhigh

levelsof energy in that frequency - wavenumberband. In all four cases,a lot of energy lies

symmetricallyon theedgewavedispersioncurves.In panela., � flows to thenorth,andthere

arenorthwardpropagatingapproximatelynondispersive (i.e. « R e is constant)wavesoutside

of the edgewave dispersioncurve, but no energy at the samefrequency and wavenumber

propagatingsouthagainstthelongshorecurrent.Unlike edgewaves,thatcanpropagateboth

upanddown coast,shearwavespropagateonly in thedirectionof � . In panelb. & d., � flows

12



Figure7: Time seriesof (top) � and(bottom) � at theonsetof a Northeaster. (from Oltman-
Shay et al., [1989])

to thesouth,andthereis againabandof nondispersivewavesprogatingin thedirectionof the

longshorecurrentwhich cannotbeedgewaves.Paneld. hasa very stronglongshorecurrent

( �I� Hn¬� cm/s)andalsohasthemostshearwave energy. In panelc., �y��� andthereis no

significantenergy outsideof theedgewavedispersioncurves.Theseobservationsindicatethat

theshearwavesareapproximatelynondispersive,have shorterwavelengthsthanedgewaves,

andarerelatedto thedirectionandintensityof thelongshorecurrent.

3.2 Linear Stability Analysis

Theseobservationscanbeexplainedby aninstability of themeanlongshorecurrent,andre-

vealhow fragilethesteadyassumption(i.e.
� ���E� ) is. Linearstabilityanalysisshowsasteady

longshorecurrentwith cross-shorestructuresimilarto thosein Figure2 is unstable.Infintessi-

malwavedisturbancesarepreditedgrow, andpropagatein thedirectionof � , with frequencies

andwavenumberssimilar to thoseobservedgrow. Thefrequenciesandwavenumbersof the

fastestgrowing theoreticaldisturbancescomparewell with theobservedenergeticfrequencies
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14



andwavenumbers.To do the linear stability analysis,the shallow-waterequationsare lin-

earizedaroundthebackgroundlongshorecurrent,³ 	 �  , whosestability is investigated.With

the rigid lid approximationto filter out gravity waves(e.g. edgewaveswhich have similar

frequenciesto shearwaves),
� � � , andneglectingbottomfriction, the linearizedequations

are, � 	´������� � � 	´���l��� �E� (14)� ���� � ³ � ���� �P 1" ������ (15)� ���� ��� � ³��� � ³ � ���� �G #" ������ (16)

Takingthecurl of theperturbationmomentumequations(
� ( (16) -

� 4 (15)) leadsto anequa-

tion for thepotentialvorticity is derivedby�&µ��� � ³ ��µ��� ��� � b ³� � b � � ³� � � � ���� � � ����)� �E� (17)

where
µ � � (S�s � 4`� is thevorticity. Divideby thewaterdepth,� , andplug in thecontinuity

equation(14) to get ��¶��� �3� ��·��� � ³ ��¶��� �<� (18)

where
¶

is the perturbationpotentialvorticity,
¶ � µ R>� , and

·
is the backgroundpotential

vorticity dueto themeanlongshorecurrent,· �qH� � ³� �
Definea perturbationtransportstreamfunction,̧ so that

� ¸ R ��� ����� and
� ¸ R ��� �¹ D��� .

Theperturbationpotentialvorticity, writtenasa functionof ¸ and � ,¶ � H� b ��º b ¸  H� ���� � � ¸��� �
is pluggedinto (18) andmultiplied by � b to yield a linearizedperturbationpotentialvorticity

equation.
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���� ��º b ¸  H� �@�� � � ¸���1�  3� � ·� � � ¸��� � ³ ���� ��º b ¸  H� ���� � � ¸���#� �<� (19)

For our friendsfamiliarwith dynamicaloceanography, thisequationis analogousto thelinear

rigid lid inviscidquasi-geostrophicpotentialvorticity equation,bothin derivationandform.����¼» º b ¸8½ �3; � ¸��� �<� (20)

wherethe potentialvorticity is givenby

º b ¸ � « and ; representsthe meridionalgradient

of planetaryvorticity, which actsasa restoringforcefor Rossbywaves. In thesurfzone,the

gradientof the backgroundpotentialvorticity actsasa restoringforce for shearwavesin a

similar manner. If ³ 	 �  weresetto zero,and � · Rj� � replacedwith
� 4A	 « R>�� , equation(19)

woulddescribecontinentalshelfwaves.

To find solutionsof equation(19),a longshorepropagatingwavesolutionfor theperturba-

tion transportis pluggedin

¸ �B¾^	 � l¿cÀlÁ0�ÃÂ e 	 �  X � Ä� (21)

where e is the longshorewavenumber, X thephasespeed(which maybecomplex) , and ¾Å	 � 
representsthe cross-shorestructureof the wave. The boundaryconditionson ¸ are ¸ ���
(and ¾C�E� ) at

� ��� &
� �B� , whichstatesthatthereis nonettransportacrossthesurfzone

introducedby theinstability. Theresultingequationfor ¾ is

	 ³  X  � � b ¾� � b  H� ���� � ��¾� �  e b-¾ �  3� � ·� � ¾=��� (22)

This is aneigenvalueproblem. For a eachvalueof e , the solutionof this equationis an

infinite setof pairedeigenvalues,c, andeigenfunctions¾^	 �  . If the depthis constant,this

equationbecomestheRayleighequationfor thestabilityof channelflow. Theeigenvaluesand

eigenfunctionsarein generalcomplex. If theimaginarypartof X is positive( XMÆ �}� ), thenthat

unstablemodewill exponentiallygrow, andtheperturbationstreamfunctionmaybewritten,

¸3r ¾Å	 � l¿-À@Á0	 e XMÆ � l¿cÀ@Á0�ÇÂ e 	 �  XcÈ � Ä��� �n�n� (23)
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XMÈ is therealpartof thephasespeed.

Thelinearstabilityanalysisonly appliesfor timesof theorder ¢ 	 H R�	 e XcÆ � andcannotde-

scribethefinite amplitudebehavior of the instability. In general,therecanbemany unstable

modesat a particularwavenumber, but typically it is thefastestgrowing modethatis of con-

cernateachwavenumber. Thisproblemis alsoanalogousto theshearinstabilityof awestern

boundarycurrent.

3.3 Theory - Observation Comparison

Thefrequency andwavenumberof thefastestgrowing modes(from alinearstabilityanalysis)

wascomparedto theobserved( «  e ) spectraby Dodd et al., [1992] (Figure9). Thetheory

predictsanondispersivefrequency andwavenumberbandof thefastestgrowingmode( largeste XMÆ ) propagatingin thedirectionof thelongshorecurrent(right panels),whichcorrespondsto

the observed «  e distribution of significantshearwave energy (left panels). The sizeof

the growth rate (on the right) alsocorrespondsto energy density(on the left) of the shear

waves. Differencesin the peaklongshorecurrent(top panelwas40 cm/s,80 cm/s for the

lowerpanel)explainthedifferencesin energy densityandgrowth ratebetweenthetwo panels.

Theagreementbetweenthelocationof observedenergy densityconcentrationsandmaximum

growth ratesof lineartheoryindicatesthattheshearwavesarea resultof aninstabilityof the

longshorecurrent,andthat thesewavesaresomehow relatedto the linearly unstablemodes

(theeigenfunctionsandeigenvaluesof (22)). No examinationof thecross-shorestructureof

thenondispersiveshearwaveenergy hasbeendonesonocomparisoncanbemadewith ¾Å	 �  .
3.4 Shear Wave Mixing

Finally, shearwavesmaybeoneof theprocesseswhich mix momentumacrossthesurfzone.

Themixing term( /*4 ) in equation(5) is actuallythe cross-shoregradientof the offdiagonal

termin thedepthintegratedReynoldsstresstensor, whichcanbeapproximatelywrittenas

/141�G J �� � » � ��ÉÊ��É ½ � J �� � � H� � ¸��� � ¸���Ë� (24)
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Figure9: Frequency - Wavenumberspectraof cross-shorevelocity in the surfzoneat Duck
(left) andfrequency & wavenumberof the fastestgrowing disturbance(right) alongwith the
modezeroedgewavedispersioncurve. (from Dodd et al. [1992]). Thetoppanelcorresponds
to a periodof weak longshorecurrentandcurrentshearrelative to the lower panel. (from
Dodd et al., [1992]).
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wheretheprimesdenotedeviationsfrom themeanflow, and ¸ is againtheperturbationstream

function.Givenasingleshearwaveequilibratedto afinite amplitude( Í ) whosetransportcan

berepresentedasby (21), themixing termcanbewrittenas

/*4*� J �� � � � Í � bS	 Â e� ¾�Î ��¾� �  Â e� ¾ ��¾ Î� �  � � J �� � � � Í � b e� � ¾ �nÏÏÏÏÏ ��¾� � ÏÏÏÏÏ �
If the amplitudeof the disturbanceis known, thenso is the form of the mixing. This for-

mulationis actuallyquitesimilar to thatof the radiationstressfor gravity waves. Shearand

gravity waveshaveanmeanmomentumflux, however, unlikegravity waves,theexistenceof

shearwavesdependsonthepresenceof ameanof thelongshorecurrent.In thetime-averaged

sense,the shearwavescanact to alter the meanlongshorecurrentprofile by redistributing

momentumin thecross-shore.

Not muchelseis known aboutshearwaves.2-D modelssuggestthatoncetheshearwaves

grow enough,they may becomestronglynonlinearandform isolatededdiesand/orvortices

which canspin away from the surfzoneat high Reynoldsnumbers. Suchstrongnonlinear

behavior wouldresultin strongmixing.

4 Homework # 3

Assumethatmixing is negligible (

� ��� ) andthattheflow is stable.For waveswhich in deep

waterhave anangleof tendegrees( V � H �>Ð ) anda periodof tenseconds,insidea saturated

surfzone,whatis thelongshorecurrentin 1 m depthona 1/50slopeanda 1/100slopeplanar

beach?

Necessaryinfo: |����lÑ  & X7~ ���lÑÒ�>��d
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